We propose a simple and generic holographic c-function that is defined purely from geometry by using the non affine expansion for null congruences. We examined the proposal for BPS black solutions in N = 2 gauged supergravity that interpolate between two different dimensional AdS spacetimes and also for domain wall solutions. Moreover, we commented on the relation of this geometric proposal with the one from the holographic entanglement entropy. * sheikh.haque@uct.ac.za
Introduction
In two dimensions, conformal fixed points that are connected by a renormalization group flow, there exists a positive real function known as the c-function of the coupling constants and energy scale. The value of the c-function does not increase along the RG flow. At the fixed points of the flow this c-function is stationary and assumes values equal to the central charges of the corresponding conformal field theories [1] . Since the UV boundary value of the c-function is larger than that of IR, the RG evolution of this function is a gradient flow in which the number of degrees of freedom decreases.
The 2d central charge is related to the conformal anomaly, T The c-function encodes information loss and consequently irreversibility of RG flows in field theories. Therefore, in holographic setups when the aim is to define a dual c-function in the gravitational picture, one must look for a quantity that naturally displays geometrical irreversibility. A natural choice for this encoding is the expansion θ that captures the convergence of null geodesics. The convergence is captured by the derivative of θ with respect to an affine parameter and it is extremized on a null surface such as a black hole horizon, which is the locus of points where information loss is maximized with respect to the asymptotic observer. This corresponds to an IR fixed point in the field theory side. Motivated by this, we propose and examine a c-function defined in terms of the convergence of null geodesics.
There are also other holographic proposals for the c-function [6, 7, [13] [14] [15] [16] [17] [18] , some of which are not generic. The proposal [15] is not a true holographic dual of the field theory c-function. For spherically symmetric static configurations in four dimensional two derivative gravity, a c-function was proposed in [16] . Their proposal is simply the area of radial slices and consequently insufficient, as it is not well defined at infinity. Another recent proposal [17] establish that for AdS spaces with supersymmetric single centered black holes, the c-theorem is a consequence of the attractor mechanism [19] . Nevertheless, our geometric proposal is a way to generalize the spherically symmetric metric information to define monotonic gradients without using the equations of motion explicitly.
The organization of this paper is as follows. In section two we will characterize the properties of the c-function and present our proposal. Then we will justify the proposal based on these properties. In section three we will show some explicit example in gauged supergravity models, but the analysis is otherwise completely general. Finally, in section four we will compare our c-function with the proposal based on holographic entanglement entropy.
Holographic c-Function
For investigating the holographic c-function it is useful to make a list of properties that we want the c-function to satisfy. Some of these properties are used to define the c-function. However, there are properties we can identify that are motivated from structure of the boundary value. A similar approach was taken in [10] . The properties are:
• The c-function should be proportional to the inverse of the gravitational coupling G −(d+1) .
• It will be dimensionless, therefore, proportional to L d−1 .
• Invariant under boundary diffeomorphism.
• In AdS spaces it should be constant proportional to
• Well defined/finite on both sides of the RG flow.
• Stationary at the end points of RG flow.
• Monotonic along the RG flow.
• It is a positive real function.
Next we will describe our new proposal for the holographic c-function and then explain the justifications for the choice.
c-Function and its Justification: Let's consider a d + 1 dimensional spacetime with metric g ab foliated by a choice of d − 1 dimensional constant time surfaces. We can immediately find the expansion for null geodesic congruences. Using this as the basic geometric ingredient we propose the following c-function:
where c 1 and c 2 are constants that can be fixed by the central charges at the end points of RG flow. The exact form of these parameters depends on explicit examples. These parameters essentially take care of the presence of appropriate Newton's constant. The quantity θ is the expansion parameter. The notation ... implies an average, taken over co-dimension two surfaces with fixed time and is defined as follows:
Here h is the determinant of the metric for the d − 1 surfaces. The power d − 1 is also important since this gives us the correct power of AdS length scale. For flow between different dimensional CFTs the appropriate power of the AdS length scale on the infrared boundary will be secured by the constants c 1 and c 2 . Note that the averaging of θ d−1 is crucial for a proposal of the c-function. This is because in addition to ensuring diffeomorphism invariance on the boundary it also makes sure we do not get any extra scalar term from the metric. The appearance of such extra terms is potentially dangerous for the boundary values of the c-function. The regularity and stationary value of the c-function is a consequence of the fact that the expansion is a function of ratio of the metric warp factor and harmonic function and their derivatives. On the AdS these scalars become proportional to the radial coordinate which makes the boundary values regular. These issues will be elaborated in the next section when we discuss some explicit examples. The prefactor of the first term on the right hand side of equation 2.1 makes sure that the c-function remains positive.
Now to prove monotonicity we will use the Raychaudhuri equation. We are interested in the behavior of the expansion θ of inwardly directed, future-oriented null rays k α . For an affinely-parametrized null tangent vector k α ∇ α k β = 0, the expansion θ = ∇ α k α satisfies the null Raychaudhuri equation:
where λ is an affine parameter, σ is the shear tensor, and we used Einstein's equations. If we assume that the NEC is satisfied so that T αβ k α k β ≥ 0, the (affine) Raychaudhuri equation 2.3 implies that the expansion must be non-increasing,
It is sometimes more convenient to parametrize the inwardly directed null rays with nonaffine tangent vectors [20] ,k α ∇ αk β = κk β , where κ is the non-affine parameter. In this case, the divergenceθ = ∇ αk α − κ satisfies a modified form of Raychaudhuri's equation:
For negativeθ ‡ we immediately get dθ dλ ≤ 0. We can rewrite the above expression as
This expression will ensure the monotonicity of the c-function. In this paper we will be using non-affine null vector, therefore,θ in our definition for the c-function.
Examples
In this section we will explore our proposal for some concrete examples. Note that our definition is based on the averaged expansion parameter which is absolutely a geometric quantity. Therefore, this proposal can be easily applicable to any theory.
N = 2 Gauged Supergravity
We are interested in extremal solutions of N = 2 gauged supergravity in AdS d+1 . These models have been extensively studied over the last few years [22] [23] [24] [25] [26] [27] [28] . Recently, a complete construction of static 4d BPS solutions for all symmetric models is done by [29, 30] . The near horizon geometry of the extremal background is of the form AdS 3 × Σ or AdS 2 × Σ, where Σ can be spherical, hyperbolic or planar depending on the structure of the black hole (brane) horizon. The d + 1 dimensional static spherically symmetric metric looks like
(3.1) ‡ This comes from the condition of convergence [21] . This was also used in [10] .
Here r is the radial direction corresponding to the RG flow and {t, x i , z} are the boundary coordinates. The harmonic function a(r) and the warp factors b(r) and w(r) that appear in 3.1 describes a black hole spacetime in the infrared and give an asymptotically AdS d+1 geometry for large r. In the following, we will study our proposed c-function for 5d and 4d solutions respectively.
AdS 3 Near Horizon Geometry
Let's consider the case where the boundary is AdS 5 and the near horizon is AdS 3 ×Σ. To get such near horizon geometry we will set w(r) = a(r). We will use this example to investigate both our proposal and that of [10] in a generic format. We consider a radial inwardly directed null ray. These rays can be described by the null tangent vector
where f (r) is a conformal factor which we will use to switch between affine and non-affine vectors. With this choice of the null tangent vector we can immediately find
where the derivative is taken with respect to r. The null vector we considered is not affine. For a quick check we need to evaluate the following quantity as discussed in section 2:
This implies that the quantity −(a f + af ) is essentially the non-affine parameter κ. Therefore, the non-affine expansion can be written as
We can summarize the conditions for affine and non-affine as follows:
Affine :
Note that for the non-affine case, we have some freedom of choosing the conformal factor f . Below, we will explore this freedom and justify our non-affine c-function. Using 3.6 we can rewrite the expansions as follows:
Using the above expressions for expansion we can immediately find the c-function § Affine :
Therefore, for this particular choice of f both the affine and non-affine choices give the same c-function. As we have mentioned in the introduction this non-affinely defined c-function is arbitrary for different choice of the f . For instance for a different choice, f = 1 we get
At this point we will focus on our proposal of the non-affinely defined c-function. Note that in the above expression the harmonic function and the warp factor appear as a ratio with the same power. This will give us the correct boundary behaviour, which also implies that the function f can have the form { b a n + constant}, where n is any number including zero.
This form of f is model dependent. For a different example it will be different.
The averaging of expansion ensures that we do not get any extra factor of a or b or AdS length scale in the c-function. For instance without the averaging we will get an extra factor of 1 ab 2 for the f = 1 case, which would make it diverge near the horizon. Additionally, it will generate a wrong power for the AdS scale. The cubic power of the derivative of b makes sure that we get the correct power of the AdS radius. And the presence of the ratio of (b/a) 3 with the b 3 is crucial for the finiteness and criticality of the c-function on the AdS.
As discussed in the previous section the boundary is AdS 5 where the warp factor and the harmonic function becomes b →
respectively. Therefore, the boundary (UV) value of the c-function simplifies to
On the other side of the RG flow, near the horizon, the harmonic function and the warp factor simplifies to b →
, where r h is the value of the radial coordinate near the horizon. Consequently the IR value of the c-function becomes,
From the CFT living on the boundary, we know that the UV and IR central charges are given as [18, 31, 32] ,
12) § For the affine choice we are using the proposal of [10] with an extra additive constant c 2 as in our proposal.
where G 5 and G 3 are the five and three dimensioanl gravitational couplings respectively. Using these end point values of the c-function, we can solve for the constants c 1 and c 2 in the definition of the c-function and get
Note that near the horizon, the 2d space that is in direct product with the AdS 3 might not be compact. But it can be made compact by quotienting out the phase space by the volume of the two dimensioanl space [17] . If we consider the central charge as a measure of the degrees of freedom, then in principle on the IR end point we need to add the degrees of freedom corresponding to the 2d space with the CFT 2 central charge [33] . In the above computation we did not include this contribution. Including such term will not affect our proposal in any way. It would merely mean that we will get different values for the constants c 1 and c 2 .
AdS 2 Near Horizon Geometry
Let's consider the case where the UV boundary is AdS 4 and the near horizon geometry is AdS 2 × Σ. The computation is very similar as the AdS 3 case and we get the same expression for the expansion θ. To get AdS 2 near the horizon we need to set w(r) = b(r) and just as in the previous case we will consider a radial inwardly directed null ray. These rays are described by the null tangent vector
Then we find
we also find that
This is the same expression we obtained for the AdS 3 case with f = 1 ¶ . The c-function for this case is given as The UV and IR central charges are not well defined. Therefore we can not evaluate explicitly the constants c 1 and c 2 . In this case the boundary theory is a three dimensional CFT. For an odd dimensional CFT the central charges vanishes. However, for these theories the free energy of the CFT conformally mapped to a sphere is proposed by [34] to be monotonically decreasing function that is stationary at the UV and IR fixed points. More specifically, the conjectured c-function can be written as 20) where |Z| is the S d partition function. For the solutions that interpolate between AdS 4 and AdS 2 , this free energy provides the right boundary value data to determine the constants c 1 and c 2 .
Recently Zaffaroni et al. [35] did an exact counting of microstates for the AdS 4 BPS black holes. It would be interesting to explore how our proposal can be incorporated with this development.
Domain Wall Solutions
Now, we will consider domain wall solutions in gauged supergravity theories that interpolate between two same dimensioanl AdS spacetimes. The generic metric looks like
To compute the expansion we will consider the following null vector k µ = e −A , −1, 0, 0, ... . Then we get
Once again this random choice of null vector is not affine and a straightforward computation gives us the following:
Therefore we get the following affine expansion:
For an explicit illustration we will consider the five dimensional domain wall solutions. The c-function for these domain wall solutions becomes:
(3.25)
At a fixed point where the geometry is AdS, the conformal factor is simply A(r) → r L
. This leads to the following values for the c-function:
Using 3.26 in 3.25, we can immediately solve for the constants
c-Function and Holographic Entanglement Entropy
In this section we will investigate how our proposal fits with the c-function proposed from the holographic entanglement entropy [36] [37] [38] . Our approach would be more schematic than rigorous. Note that the universal term in the entanglement entropy plays the role of the central charge. We will use this information to justify that our geometric proposal is consistent with the entropic c-function.
For convenience we will be using the Poincare coordinates and we will use the results of [39] . Consider a bulk spacetime that represents a RG flow for the boundary field theory. The bulk Einstein-scalar action is given by
The RG flow can be induced by turning on the source term for some relevant operators or by developing a vacuum expectation value for certain scalar operators. The asymptotically AdS metric can be written as
Here z → 0 corresponds to the UV boundary. First we will find out the c-function based on our proposal. We will consider the following non-affine null vector:
Following the same steps as in the previous section we get the following c-function:
Holographic Entanglement Entropy: Now we will explore the c-function from the entanglement entropy. We will employ the holographic prescription for computing the entanglement entropy [40] and will be using the results obtained in [39] . The authors of [39] considered two flat parallel planes as the entangling surface. In the presence of a relevant deformation, the bulk surface is described with the profile z = z(x 1 ) with the boundary conditions z(x 1 = 0) = 0 = z(x 1 = l). The area of the entangling surface
By using this expression as an action for z(x 1 ) we can determine the profile that will extremize the area. Since this action does not depend on x 1 explicitly, the conjugate momentum is conserved. After minimizing the area we have
Here z = δ is the UV regulator and we will use the limit δ → 0 in extracting the universal term.
Comparison: For the purpose of illustration, we will consider d = 2. The geometric cfunction for this case simplifies to
and the holographic entanglement entropy reads [39] 8) where z * is the maximum value of z and f * = f (z * ).
Near UV Behaviour: For AdS boundary, f → 1. Therefore, we can expand f (z) near the UV fixed point (δ → 0) as
where µ is some mass scale. Using this expansion we get a constant (c 1 + c 2 ) for the cfunction from our proposal 4.7. For the holographic entanglement entropy, the universal term (log-term) originates from the first term of the above integral. The coefficient of this universal term is a constant and it is the central charge of the dual CFT.
where µ is some mass scale. After plugging this expansion in 4.7, we get a constant c 2 +
for the c-function. On the other side, from the holographic entanglement entropy 4.8, the coefficient of the universal term turns out to be C −
Cµ α
, where C is a constant.
These similarities in structure for the near UV and IR behaviour indicate that our geometric proposal is consistent with the entropic proposal near the end points of the RG flow. In fact, for the domain wall solutions these two proposals exactly match [36, 37] . Note that, this section does not establish the relationship between the two proposals explicitly. However, it hints towards an underlying structure that is present in both proposals. An explicit realization of our c-function in the context of holographic entanglement entropy is left for future work.
Discussion
The search for a c functions addresses the old question about the irreversibility of the RG flow in a unitary quantum field theory. In the holographic context it explores if two conformal field theories defined on the boundary of the AdS space times are related by irreversible RG evolution.
In this paper we try to address this issue and propose a holographic c function by using the non-increasing nature of the Raychaudhuri equation. Our key ingredient is the expansion parameter for the null congruences. Our proposal is boundary diffeomorphism invariant. Moreover, it has all the required properties such as the correct powers of the scale and the Newton constants. It is also stationary at the AdS boundaries which corresponds to the central charges for the CFT living there. It is a generic proposal, will work in any space time dimension. The only information we need is the metric of the space time. Our proposal also captures the scheme dependence of the field theory c-function. The universal nature of our definition has a wide range of easy applicability to a variety of backgrounds as we have demonstrated in this paper. Further, this proposal might help us classify the information loss in RG flows.
The universal nature of our definition offers a wide range of easy applicability for various backgrounds. In this paper, we have shown that this proposal can be applied in different scenarios, such as flow between two different dimensional CFTs, domain walls etc. It can incorporate these different scenarios in a single framework. Moreover, the simple structure of the proposal makes it generic and adaptable to any spacetime dimension. In recent years, this topic also gets a lot of attention in the context of holographic entanglement entropy, since the universal term of the entanglement entropy is identified as the central charge of the gauge theory. Besides, [36] has a proposal for the c-function based on the entanglement entropy which was later generalized for any dimensions by [37] . In this paper we showed that our geometric proposal is consistent with this entropic proposal. However, we do not have an explicit relationship between the two proposals yet. It would be interesting to see if our proposal can be realized by the holographic entanglement entropy.
